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$M$ , $\varphi$ $M$ . $\mathrm{K}\mathrm{e}\mathrm{r}[\varphi : Marrow M]$ , $M$
, $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}[\varphi : Marrow M]$ $M/\varphi$ .
scheme fppf . , cohomology fppf
cohomology . $H^{*}(\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}R\}G)$ $H^{*}(R, G)$ .
$G$ scheme $X$ smooth quasi-projective group scheme , $G$
$X$ fppf cohomology etale cohomology
(Grothendieck [3], III.117).
1. Kummer Kummer-Artin-Schreier
11. (Kummer ) $\mathrm{G}_{m}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathbb{Z}[U, 1/U]$ multiplicative group scheme .
$U\mapsto U\otimes U$ .
$n$ $\geq 2$ , $\mu_{n}=\mathrm{K}\mathrm{e}\mathrm{r}[n:\mathrm{G}_{m}arrow \mathrm{G}_{m}]$ . , $\zeta=e^{2\pi i/n}$ , $\mu_{n}$
$\mathbb{Z}[\zeta, 1,/n]$ constant group scheme $\mathbb{Z}/n\mathbb{Z}$ . , $X$ $\mathbb{Z}[\zeta, 1/n]$-scheme
, group scheme
$0arrow\mu_{n}arrow \mathrm{G}_{m}narrow \mathrm{G}_{m}arrow 0$
$0rightarrow H^{0}(X, \mathbb{Z}/n\mathbb{Z})arrow H^{0}(X, \mathrm{G}_{m})-^{n}H^{0}(X, \mathrm{G}_{m})$
$arrow H^{1}(X, \mathbb{Z}/n\mathbb{Z})arrow H^{1}(X, \mathrm{G}_{m})-^{n}H^{1}(X, \mathrm{G}_{m})arrow\cdots$
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. , $H^{1}(X, \mathrm{G}_{m})=\mathrm{P}\mathrm{i}\mathrm{c}(X)$ (Hilbert 90)
$0arrow\Gamma(X, \mathcal{O})^{\mathrm{x}}/narrow H^{1}(X, \mathbb{Z}/n\mathbb{Z})arrow {}_{n}\mathrm{P}\mathrm{i}\mathrm{c}(X)arrow 0$
. , $X=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}K$ ( $K$ ) , Pie(X) $=0$ ,
$K^{\mathrm{x}}/narrow H^{1}(\sim K, \mathbb{Z}/n\mathbb{Z})$
. , $t^{n}-u\in K[u][t]$ $K$ $n$ .
12. (Artin-Schreier ) $\mathrm{G}_{a}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathbb{Z}[T]$ additive group scheme .
$T\mapsto T\otimes 1+1\otimes T$ .
$p$ , $F$ : $\mathrm{G}_{a,\mathrm{F}_{\mathrm{p}}}arrow \mathrm{G}_{a,\mathrm{F}_{p}}$ Frobenius , $\mathrm{K}\mathrm{e}\mathrm{r}[F-1 : \mathrm{G}_{a,\mathrm{F}_{\mathrm{p}}}arrow \mathrm{G}_{a,\mathrm{F}_{\mathrm{p}}}]$
constant group scheme $\mathbb{Z}/p\mathbb{Z}$ . , $X$ $\mathrm{F}_{p}$-scheme , group
scheme
$0arrow \mathbb{Z}/p\mathbb{Z}arrow \mathrm{G}_{a,\mathrm{F}_{p}}arrow \mathrm{G}_{a,\mathrm{F}_{p}}F-1arrow 0$
$0arrow H^{0}(X, \mathbb{Z}/p\mathbb{Z})arrow H^{0}(X, \mathrm{G}_{a,\mathrm{F}_{p}})arrow-1H^{0}(FX, \mathrm{G}_{a,\mathrm{F}_{p}})$
$arrow H^{1}(X, \mathbb{Z}/p\mathbb{Z})arrow H^{1}(X, \mathrm{G}_{a,\mathrm{F}_{p}})arrow H^{1}(X, \mathrm{G}_{a,\mathrm{F}_{p}})F-1arrow\cdots$
. , $H^{1}(X\mathrm{G}_{a})\}=H^{1}(X, \mathcal{O})$ ,
$0arrow\Gamma(X\mathcal{O})\}/(F-1)arrow H^{1}(X, \mathbb{Z}/p\mathbb{Z})arrow {}_{F-1}H^{1}(X, \mathcal{O})arrow 0$
. , $X=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}K$ ( $K$ ) , $H^{1}(X, O)=0$ ,
$K/(F-1)\simarrow H^{1}(K, \mathbb{Z}/p\mathbb{Z})$
. , $t^{p}-t-u\in K[u][t]$ $K$ $p$ .
13. $A$ , $\lambda\in A$ ,
$\mathcal{G}^{(\lambda)}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[T, \frac{1}{\lambda T+1}]$
.
$T\mapsto T\otimes 1+1\otimes T+\lambda T\otimes T$
, $\mathcal{G}^{(\lambda)}$ commutative group scheme . , group
scheme $\alpha^{(\lambda)}$ : $\mathcal{G}^{(\lambda)}arrow \mathrm{G}_{m,A}$
$U\mapsto\lambda T+1$ : $A[U, \frac{1}{U}]arrow A[T, \frac{1}{\lambda T+1}]$
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. $\lambda$ $A$ , $\alpha^{(\lambda)}$ . , $\lambda$ $A$ ,
$A_{0}=A/(\lambda)$ , $\mathcal{G}^{(\lambda)}\otimes_{A}A_{0}$ $\mathrm{G}_{a,A_{\mathrm{O}}}$ .
$B$ $A$ . $B$ , , $\lambda$ $B$ , $H^{1}(B, \mathcal{G}^{(\lambda)})=0$
([6], Cor.l 3, 1.4).
1.4. (Kummer-Artin-Schreier ) $p$ . , $\zeta=e^{2\pi i/p},$ $\lambda=\zeta-1,$ $A=\mathbb{Z}[\zeta]$ ,
$K=\mathbb{Q}(\zeta)$ . ,
$\frac{(\lambda T+1)^{p}-1}{\lambda^{p}}\in \mathbb{Z}[\zeta][T_{\rfloor}^{1}$
$\frac{(\lambda T+1)^{p}-1}{\lambda^{p}}\equiv T^{p}-T$ $\mathrm{m}\mathrm{o}\mathrm{d} \lambda$ .
$A$ group scheme
$\Psi$ : $\mathcal{G}^{(\lambda)}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[T, \frac{1}{\lambda T+1}]arrow \mathcal{G}^{(\lambda^{p})}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[T, \frac{1}{\lambda^{p}T+1}]$
$T \mapsto\frac{(\lambda T+1)^{p}-1}{\lambda^{p}}$
. , $\mathrm{K}\mathrm{e}\mathrm{r}[\Psi ; \mathcal{G}^{(\lambda)}arrow \mathcal{G}^{(\lambda^{\mathrm{p}})}]$ constant group scheme $\mathbb{Z}/p\mathbb{Z}$
. , $A=\mathbb{Z}[\zeta]$ group scheme
$(\#)$
$0arrow \mathbb{Z}_{/}^{/}p\mathbb{Z}arrow \mathcal{G}^{(\lambda)}arrow \mathcal{G}^{(\lambda^{\mathrm{p}})}\Psiarrow 0$
. $(\#)\otimes_{A}K$ Kummer sequence
$0arrow\mu_{p,K}arrow \mathrm{G}_{m,K}parrow \mathrm{G}_{m,K}arrow \mathrm{O}$
. , $\mathrm{F}_{p}=A/(\lambda)$ $(\#)\otimes_{A}\mathrm{F}_{p}$ Artin-Schreier sequence
$0arrow \mathbb{Z}/p\mathbb{Z}arrow \mathrm{G}_{a,\mathrm{F}_{p}}arrow \mathrm{G}_{a,\mathrm{F}_{\mathrm{P}}}F-1arrow 0$
,
, $X$ $A$-scheme , group scheme $(\#)$
$0arrow H^{0}(X, \mathbb{Z}/p\mathbb{Z})arrow H^{0}(X, \mathcal{G}^{(\lambda)})arrow H^{0}(\Psi X, \mathcal{G}^{\{\lambda^{p})})$
$arrow H^{1}(X, \mathbb{Z}/p\mathbb{Z})arrow H^{1}(X, \mathcal{G}^{\{\lambda)})arrow H^{1}(\Psi X, \mathcal{G}^{(\lambda^{p})})arrow\cdots$
. , $X=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B$ ( $B$ $A$ ) , $H^{1}(X, \mathcal{G}^{(\lambda)})=0$ ,
$\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}[\Psi:\mathcal{G}^{(\lambda)}(B)arrow \mathcal{G}^{(\lambda^{p})}(B)]\simarrow H^{1}(B, \mathbb{Z}/p\mathbb{Z})$
$24\mathrm{B}$
. $\text{ }f\mathrm{h}^{\theta}$, $\frac{(\lambda t+1)^{p}-1}{\lambda^{p}}-u\in B[u][t]$ $B$ $p$
.
L5. $(\#)$ Waterhouse[10] [7]
$\frac{(\lambda t+1)^{p}-1}{\lambda^{p}}=a$
Furtw\"angler [1] [2] .
2 Group scheme $U_{B/A},$ $G_{B/A}$
21 , $r,$ $s\in A$ , $D=r^{2}-4s,$ $B=A[t]/(t^{2}-rt+s)$ $\text{ }$ . $t$ $B$
$\epsilon$ . , $B=A[\epsilon]$ $\epsilon^{2}-r\epsilon+s=0$ . ,
$\prod_{B/A}\mathrm{G}_{m,B}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[U, V, \frac{1}{U^{2}+rUV+s^{r}2}]$




, $R^{\mathrm{x}}arrow(R\otimes_{A}B)^{\mathrm{x}}$ $U\mapsto T,$ $V\mapsto \mathrm{O}$
$i$ : $\mathrm{G}_{m,A}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}$A$[T, \frac{1}{T}]arrow\prod_{B/A}\mathrm{G}_{m,B}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[U, V, \frac{1}{U^{2}+rUV+sV^{2}}]$
. , norm Nr : $(R\otimes_{A}B)^{\mathrm{x}}arrow R^{\mathrm{x}}$ $T\mapsto U^{2}+rUV+sV^{2}$





(2) $\mathrm{N}\mathrm{r}$ : $\prod \mathrm{G}_{m,B}arrow \mathrm{G}_{m,A}l\mathrm{h}$ faithfully flat ;
(3) Nr $\circ \mathrm{i}:\mathrm{G}_{m,A}arrow \mathrm{G}_{m,A}$ .
22. $A$ group scheme $U_{B/A}$





$U\mapsto U\otimes U-sV\otimes V,$ $V\mapsto U\otimes V+V\otimes U+rV\otimes V$
.
$D$ $A$ $U_{B/A}$ $A$ torus . , $D$ $A$
, $U_{B/A}\otimes_{A}A[1/D]$ $A[1/D]$ torus , $B[1/D]$ .
, $T\mapsto U+\epsilon V$
$\sigma$ : $U_{B/A} \otimes_{A}B=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B[U, V]/(U^{2}+rUV+sV^{2}-1)arrow \mathrm{G}_{m,B}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B[T, \frac{1}{T}]$
$B[1/D]$ .
2.3. $A$ group scheme $G_{B/A}$
$G_{B/A}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[X, Y]/(X^{2}+rXY+sY^{2}-Y)$
(a)
$X\mapsto X\otimes 1+1\otimes X-rX\otimes X-2sX\otimes Y-2sY\otimes X-rsY\otimes Y$,
$Y\mapsto Y\otimes 1+1\otimes Y+(r^{2}-2s)Y\otimes Y+rX\otimes Y+rY\otimes X+2X\otimes X$ ;
(b)
$X\mapsto 0,$ $Y\mapsto 0_{\}}$.
(c)
$X\mapsto-X-rY,$ $Y\mapsto Y$
. $G_{B/A}$ $A$ smooth.
,
$X \mapsto\frac{UV}{U^{2}+rUV+sV^{2}},$ $Y \mapsto\frac{V^{2}}{U^{2}+rUV+sV^{2}}$







$U\mapsto 1-rX-2sY,$ $V\mapsto 2X+rY$
$\alpha:G_{B/A}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[X, Y]/(X^{2}+rXY+sY^{2}-Y)arrow$
$U_{B/A}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[U, V]/(U^{2}+rUV+sV^{2}-1)$
. $D$ $A$ $\alpha$ . - , $D$ $A$
, $\alpha$ $A[1/D]$ . , $\alpha\otimes_{A}A[1/D]$







, $\alpha 0\beta$ $U_{B/A}$ , $\beta 0\alpha$ $G_{B/A}$ .
$\lambda=2\epsilon-r\in B$ . ,
$T\mapsto X+\in Y,$ $\frac{1}{1+\lambda T}\mapsto 1-\lambda\{X+(r-\epsilon)Y\}$
$B$
$\sigma$ : $G_{B/A}= \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B[X, Y]/(X^{2}+rXY+sV^{2}-Y)arrow \mathcal{G}^{(\lambda)}\sim=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B[T, \frac{1}{1+\lambda T}]$.
.
24. $X$ $A$-scheme . group scheme
$0 arrow U_{B/A}arrow\prod_{B/A}\mathrm{G}_{m,B}arrow \mathrm{G}_{m,A}\mathrm{N}\mathrm{r}arrow 0$
$0arrow\Gamma(X, U_{B/A})arrow\Gamma(X\otimes_{A}B,\mathrm{G}_{m})arrow\Gamma \mathrm{r}(\mathrm{N}X, \mathrm{G}_{m})$
$arrow H^{1}(X, U_{B/A})arrow \mathrm{P}\mathrm{i}\mathrm{c}(X\otimes_{A}B)arrow \mathrm{N}\mathrm{r}$ Pic(X)
$arrow H^{2}(X, U_{B/A})arrow H^{2}(X\otimes_{A}B, \mathrm{G}_{m})arrow H^{2}\mathrm{r}(\mathrm{N}X, \mathrm{G}_{m})arrow\cdots$
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. , group scheme
$\mathrm{O}arrow \mathrm{G}_{m,A}arrow\prod_{B/A}i\mathrm{G}_{m,B}arrow G_{B/A}arrow 0$
$0arrow\Gamma(X, \mathrm{G}_{m})-^{i}\Gamma(X\otimes_{A}B, \mathrm{G}_{m})arrow\Gamma(X, G_{B/A})$
$arrow \mathrm{P}\mathrm{i}\mathrm{c}(X)-^{\mathrm{i}}\mathrm{P}\mathrm{i}\mathrm{c}(X\otimes_{A}B)arrow H^{1}(X, G_{B/A})$
$arrow H^{2}(X,\mathrm{G}_{m})-^{i}H^{2}(X\otimes_{A}B, \mathrm{G}_{m})arrow H^{2}(X, G_{B/A})arrow\cdots$
.
, $X=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}R$ ( $R$ $A$ ) ,
$0arrow U_{B/A}(R)arrow(R\otimes_{A}B)^{\mathrm{x}}arrow R^{\mathrm{x}}\mathrm{N}\mathrm{r}$
$rightarrow H^{1}(R, U_{B/A})arrow \mathrm{P}\mathrm{i}\mathrm{c}(R\otimes_{A}B)arrow \mathrm{N}\mathrm{r}$ Pic(R)
$arrow H^{2}(R, U_{B/A})arrow H^{2}(R\otimes_{A}B,\mathrm{G}_{m})arrow H^{2}(R, \mathrm{G}_{m})\mathrm{N}\mathrm{r}arrow\ldots$
$0arrow R^{\mathrm{x}}arrow(R\otimes_{A}B)i\rangle(arrow G_{B/A}(R)$
$arrow \mathrm{P}\mathrm{i}\mathrm{c}(R)-^{i}\mathrm{P}\mathrm{i}\mathrm{c}(R\otimes_{A}B)arrow H^{1}(R, G_{B/A})$
$arrow H^{2}(R,\mathrm{G}_{m})-^{i}H^{2}(R\otimes_{A}B, \mathrm{G}_{m})arrow H^{2}(R, G_{B/A})arrow\cdots$ .
. , $R$ , Pic(R\otimes 4 $B$) $=0$ ,
$\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}$ [Nr : $(R\otimes_{A}B)^{\mathrm{x}}arrow R^{\mathrm{x}}$ ] $\simarrow H^{1}(R, U_{B/A})$ ,




, $H^{1}(R, U_{B/A}),$ $H^{1}(R, G_{B/A})$ 2 .
2.5. group scheme $G_{B/A}$ Waterhouse-Weisfeiler[11] .
3. Twisted Kummer theory
31. $n$ $\geq 3$ , $\zeta=e^{2\pi i/n},$ $\omega=\zeta+\zeta^{-1},$ $A=\mathbb{Z}[\omega],$ $B=\mathbb{Z}[\zeta]$ . ,
$B$ $A[t]/(t^{2}-\omega t+1)$ . ,
$U_{B/A}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[U, V]/(U^{2}+\omega UV+V^{2}-1)$
250
$U\mapsto U\otimes U-V\otimes V,$ $V\mapsto V\otimes U+U\otimes V+\omega V\otimes V$
. $U_{B/A}\otimes_{A}A[1/n]$ $A[1/n]=\mathbb{Z}[\omega, 1/n]$ torus , $\mathrm{K}\mathrm{e}\mathrm{r}[n:U_{B/A}arrow U_{B/A}]$
$\mathbb{Z}[\omega, 1/n]$ constant group scheme $\mathbb{Z}/n\mathbb{Z}$ .
3.LL $n$ . , $D=\omega^{2}-4,$ $A_{0}=A/(D)$ , $U_{B/A}\otimes AA0$
$\mathrm{G}_{a}\mathrm{x}\mu_{2}$ . , $U_{B/A}$ smooth.
$U_{B/A}\otimes_{A}A_{0}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[U,$ $V_{\rfloor}^{\rceil}/(U^{2}+ \omega UV+V^{2}-1)=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A\mathrm{c}[U_{\}}V]/((U+\frac{\omega}{2}V)^{2}-1)$
$U+ \frac{\omega}{2}V$ $A_{0}[U, V]/((U+ \frac{\omega}{2}V)^{2}-1)$ group-like element , $T \mapsto U+\frac{\omega}{2}V$
$\pi$ : $U_{B/A} \otimes_{A}A_{0}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[U, V]/((U+\frac{\omega}{2}V)^{2}-1)arrow\mu_{2,A_{0}}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[T]/(T^{2}-1)$
. , $U \mapsto 1-\frac{\omega}{2}S_{\}V\mapsto S$ $\ovalbox{\tt\small REJECT}$
$\mathrm{G}_{a,A_{0}}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[S]arrow U_{B/A}\otimes_{A}A_{0}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[U, V]/((U+\frac{\omega}{2}V)^{2}-1)$
. , group scheme
$0arrow \mathrm{G}_{a,A_{0}}arrow U_{B/A}\otimes_{A}A_{0}\piarrow\mu_{2,A_{0}}arrow 0$
.
, $U\mapsto T,$ $V\mapsto \mathrm{O}$
$s$ : $\mu_{2,A_{0}}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[T]/(T^{2}-1)arrow U_{B/A}\otimes_{A}A_{0}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[U, V]/((U+\frac{\omega}{2}V)^{2}-1)$
, $s$ $\pi$ : $U_{B/A}\otimes_{A}$ A0\rightarrow \mu 2,4 .
32. (twisted Kummer theory) $X$ $\mathbb{Z}[\omega, 1/n]$ -scheme . , group scheme
$0arrow \mathbb{Z}/n\mathbb{Z}arrow U_{B/A}$ $U_{B/A}arrow 0$
$0arrow H^{0}(X, \mathbb{Z}/n\mathbb{Z})arrow H^{0}(X, U_{B/A})-^{n}H^{0}(X, U_{B/A})$
$rightarrow H^{1}(X,\mathbb{Z}/n\mathbb{Z})arrow H^{1}(X, U_{B/A})\sim^{n}H^{1}(X, U_{B/A})arrow\cdots$
.
, $R$ $\mathbb{Z}[\omega, 1/n]$ ,
$0arrow U_{B/A}(R)/narrow H^{1}(R, \mathbb{Z}/n\mathbb{Z})arrow {}_{n}H^{1}(R, U_{B/A})arrow 0$
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. , $R$ , $H^{1}(R, U_{B/A})$ 2 . ,
33. $R$ $\mathbb{Z}[\omega, 1/n]$ . $n$ , $H^{1}(R\mathbb{Z}\}/n\mathbb{Z})$ $U_{B/A}(R)/n$
.
,







3.5. $n$ $\geq 3$ . , $U_{B/A}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[U, V]/(U^{2}+\omega UV+V^{2}-1)$
$n$
$1 \mapsto\frac{\zeta^{-1}(U+\zeta V)^{n}-\zeta(U+\zeta^{-1}V)^{n}}{\zeta^{-1}-\zeta},$ $V \mapsto\frac{(U+\zeta V)^{n}-(U+\zeta^{-1}V)^{n}}{\zeta-\zeta^{-1}}$
.
,
$T\mapsto U+\zeta V,$ $\frac{1}{T}\mapsto U+\zeta^{-1}V$
$B[1/n]$ group schem le
$U_{B/A} \otimes_{A}B[\frac{1}{n}]=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B[\frac{1}{n}][U_{\}}V]/(U^{2}+\omega UV+V^{2}-1)rightarrow \mathrm{G}_{m,B\mathrm{f}1/n]}\sim \mathrm{L}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B[\frac{1}{n}][T, \frac{1}{T}]$
, $\mathrm{G}_{m}$ $n$ .
36. $R$ $\mathbb{Z}[\omega, 1/n]$ , $S$ $R$ $n$ . $n$
$u,$ $v\in R$ $u^{2}+\omega uv+v^{2}=1$ 3{
$R[U, V]/( \frac{\zeta^{-1}(U+\zeta V)^{n}-\zeta(U+\zeta^{-1}V)^{n}}{\zeta^{-1}-\zeta}-u,$ $\frac{(U+\zeta V)^{n}-(U+\zeta^{-1}V)^{n}}{\zeta-\zeta^{-1}}-v)$
.
37. , $T \mapsto\frac{U+1}{V}$
$\mathrm{i}$ : $U_{B/A}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[U, V]/(U^{2}+\omega UV+V^{2}-1)arrow \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[T]$
, $i$ .
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, $T\mapsto-(U+1)/V$ $\mathrm{i}:U_{B/A}\otimes_{A}A[1/n]arrow \mathrm{A}_{A\{1/n]}^{1}$
$\mathrm{i}:U_{B/A}\otimes_{A}A[1/n]arrow \mathrm{P}_{A[1/n]}^{1}$ . , $\mathbb{Z}[\omega, 1/n]$ $K$
$U_{B/A}(K)arrow \mathrm{P}^{1}(K)$ . $U_{B/A}(K)$ $\mathrm{i}$ [4]
Galois $T_{K}$ . [4] Galois $T_{K}$ twisted Kummer
theory .
3.12. Serre[8], Ch $.\mathrm{V}\mathrm{I}$ Galois
, Kummer Artin-Schreier , , Artin-Schreier-Witt
. , 9
Lorsqu’on ne suppose plus que $k$ contienne $\epsilon$ , la theorie de Kummer ne s’applique plus.
Toutefois, on peut encore, dans certains cas, reduire la dimension de $G(N)$ . Lorsque $n=3$
par exemple, on peut prendre pour quotient de $G(N)$ le groupe orthogonal $G$ pour Ja forme
quadratique $x^{2}-xy+y^{2}$ ; on voit facilement que ce groupe contient un sous-groupe $N$
cyclique d’ordre 3 forme’ de points rationnels sur corps premier, et que l’isogenie $Garrow G/N$
v\’erifie la propri\’et\’e universelle de la prop.7. Au point de vue de la theorie des corps, cela
revient a l’enonce suivant facile a verifier directement:
En camct\’eristique diff\’erente de 3, toute extension cyclique de degre 3 peut \^etre engendr\’e
un \’et\’ement $g$ ayant pour conjugu\’ees l/(l-g) et $1-1/g$ .
. torus Kummer .
4 Twisted Kummer-Artin-Schreier theory
41. $p$ $>2$ , $\zeta=e^{2\pi i/p},$ $\omega=\zeta+\zeta^{-1},$ $A=\mathbb{Z}[\omega],$ $B=\mathbb{Z}[\zeta]$ . ,
$B$ $A[t]/(t^{2}-\omega t+1)$ , ,
$G=G_{B/A}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[X, Y]/(X^{2}+\omega XY+Y^{2}-Y)$
$X\mapsto X\otimes 1+1\otimes X-\omega X\otimes X-2X\otimes Y-2Y\otimes X-\omega Y\otimes Y$,








$\tilde{\omega}=$ B/A\Theta (\mbox{\boldmath $\zeta$}) $=\mathrm{O}-(\zeta)+\mathrm{O}-(\zeta^{-1}))\overline{\eta}=\mathrm{N}\mathrm{r}_{B/A}\Theta(\zeta)=\Theta(\zeta)\Theta(\zeta^{-1})$
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. , $\theta=\Theta(()$ , $\tilde{B}=A[\theta]\subseteq B$ $\theta^{2}-\tilde{\omega}\theta+\tilde{\eta}=0$
$A$ . ,
$\tilde{G}=G_{\tilde{B}/A}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[X, Y]/(X^{2}+\tilde{\omega}XY+\tilde{\eta}Y^{2}-Y)$
$X\mapsto X\otimes 1+1\otimes X-\tilde{\omega}X\otimes X-2\tilde{\eta}X\otimes Y-2\tilde{\eta}Y\otimes X-\tilde{\omega}\tilde{\eta}Y\otimes Y$ ,
$Y\mapsto Y\otimes 1+1\otimes Y+(\tilde{\omega}^{2}-2\tilde{\eta})Y\otimes Y+\tilde{\omega}X\otimes Y+\tilde{\omega}Y\otimes X+2X\otimes X$
.
4LL $D=\omega^{2}-4,$ $A_{0}=A/(D)$ . , $G_{B/A}\otimes_{A}A_{0}$ $\mathrm{G}_{a,A_{0}}$
. ,
$G_{B/A} \otimes_{A}A_{0}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[X, Y]/(X^{2}+\omega XY+Y^{2}-Y)=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[X, Y]/((X+\frac{\omega}{2}Y)^{2}-Y)$
$X \mapsto S-\frac{\omega}{2}S^{2},$ $Y\mapsto S^{2}$
$\mathrm{G}_{a,A_{0}}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[S]$ ; $G_{B/A} \otimes_{A}A_{0}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A_{0}[X,Y]/((X+\frac{\omega}{2}Y)^{2}-Y)$
.
42 (twisted Kummer-Artin-Schreier theory) $A=\mathbb{Z}[\omega]$ group scheme
$\Psi$ : $G=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[X, Y]/(X^{2}+\omega XY+Y^{2}-Y)arrow\tilde{G}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[X, Y]/(X^{2}+\tilde{\omega}XY+\tilde{\eta}Y^{2}-Y)$
$X \mapsto\frac{1}{\lambda^{2p}}[-\mathrm{O}-(\zeta^{-1})\{1+\lambda(X+\zeta Y)\}^{p}+\tilde{\omega}-\mathrm{O}-(\zeta)\{1-\lambda(X+\zeta^{-1}Y)\}^{p}]$ ,
$Y \mapsto\frac{1}{\lambda^{2p}}[\{1+\lambda(X+\zeta Y)\}^{p}-2+\{1-\lambda(X+\zeta^{-1}Y)\}^{p}]$
. , $\Psi$ finite etale $\mathrm{K}\mathrm{e}\mathrm{r}\Psi$ constant group scheme $\mathbb{Z}/p\mathbb{Z}$
.
$B=\mathbb{Z}[\zeta]$ group scheme
$s$ : $G \otimes_{A}B=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B[X, Y]/(X^{2}+\omega XY+Y^{2}-Y)arrow \mathcal{G}^{(\lambda)}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B[T, \frac{1}{1+\lambda T}]$ ,
$\tilde{s}:\tilde{G}\otimes_{A}B=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B[X, Y]/(X^{2}+\tilde{\omega}XY+\tilde{\eta}Y^{2}-Y)arrow \mathcal{G}^{(\lambda^{p})}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B[T, \frac{1}{1+\lambda^{p}T}]$
255
$T\mapsto X+\zeta Y,$ $\frac{1}{1+\lambda T}\mapsto 1-\lambda(X+\zeta^{-1}Y)$
$T\mapsto X+\Theta(\zeta)Y,$ $\frac{1}{1+\lambda^{p}T}\mapsto 1-\lambda^{p}\{X+\mathrm{O}-((^{-1})Y\}$





. , Kummer-Artin-Schreier .
twisted Kummer theory , .
43. $R$ $\mathbb{Z}[\omega]$ . , $H^{1}(R, \mathbb{Z}/p\mathbb{Z})$ $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}[\Psi : G(R)arrow\tilde{G}(R)]$
.








$X\mapsto X\otimes 1+1\otimes X+X\otimes X-2X\otimes Y-2Y\otimes X+Y\otimes Y$,






$X\mapsto X\otimes 1+1\otimes X-5X\otimes X-26X\otimes Y-26Y\otimes X-65Y\otimes Y$,
$Y\mapsto Y\otimes 1+1\otimes Y-Y\otimes Y+5X\otimes Y+5Y\otimes X+2X\otimes X$
. ,
$\Psi$ : $G=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathbb{Z}[X, Y]/(X^{2}-XY+Y^{2}-Y)arrow\tilde{G}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathbb{Z}[X, Y]/(X^{2}+5XY+13Y^{2}-Y)$
$X\mapsto-X-2Y+4XY+3Y^{2}-3XY^{2}-Y^{3},$ $Y\mapsto Y-2Y^{2}+Y^{3}$
.
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